Abstract. The parallel mean free path of cosmic ray particles in partially turbulent electromagnetic fields is calculated for two particular turbulence models: slab-like dynamical and random sweeping turbulence. Using the general results for the pitchangle Fokker-Planck coefficient from Teufel & Schlickeiser (2002) the rigidity dependence and the absolute value of the mean free path for these specific turbulence models are calculated for a turbulence power spectrum with finite wave amplitude at very small wavenumbers. We demonstrate that this modification affects especially the mean free path at very large rigidities. We also derive approximations for the mean free path for realistic Kolmogorov-type turbulence power spectra which include the steepening at high wavenumbers due to turbulence dispersion and/or dissipation.
Introduction
Besides field line random walk, drifts and non-resonant interactions, resonant wave-particle interaction in the partially random heliospheric magnetic field is regarded as one of the important mechanisms of cosmic ray transport in the heliosphere. In the presence of low-frequency magnetohydrodynamic electromagnetic field fluctuations, the particle's phase space density adjusts rapidly to a quasi-equilibrium through pitch-angle diffusion, which is characterized by a nearly isotropic distribution. The isotropic part of the phase space distribution function F (x, p, t) obeys the diffusion-convection equation including as dominant terms spatial diffusion in the partially irregular magnetic field as well as spatial convection and adiabatic deceleration in the expanding solar wind plasma.
Within quasilinear theory the parallel spatial diffusion coefficient κ = v 3 λ and the mean free path λ result from the pitch-angle-cosine (µ = p /p) average of the inverse of the pitch-angle Fokker-Planck coefficient D µµ as (Jokipii 1966; Hasselmann & Wibberenz 1968; Earl 1974) 
Send offprint requests to: A. Teufel, The pitch-angle Fokker-Planck coefficient is calculated from the ensemble-averaged first-order corrections to the particle orbits in the weakly turbulent magnetic field (Hall & Sturrock 1968 )
and depends on the nature and statistical properties of the electromagnetic turbulence and the turbulence-carrying background medium.
Recently (Teufel & Schlickeiser 2002 -hereafter referred to TS) we calculated the parallel mean free path of cosmic ray particles in two particular turbulence models, slab-like dynamical and random sweeping turbulence (Bieber et al. 1994 ) assuming a turbulence power spectrum with vanishing power below a minimum wavenumber k min . Here we extend our calculations allowing for finite wave amplitudes at large turbulence scales. In Sect. 2 we introduce a flat energy range in the power spectrum and we calculate the new Fokker-Planck coefficient for this modified spectrum. With this new Fokker-Planck coefficient we are able to calculate the mean free path in Sect. 3. In Sect. 4 we show the asymptotic properties of the mean free path and in Sect. 5 we use the very general formulas for the mean free path for special parameters to find new results for high particle rigidities. In Sect. 6 we consider the influence of the dissipation range spectral index.
Calculation of the cosmic ray Fokker-Planck coefficient D µµ
In TS we derrived the Fokker-Planck-coefficient for two damping models. The first model is called the damping model of dynamical turbulence (hereafter referred to DT ) where the damping function is proportional to e −t/q D . The second model is called the random sweeping model (hereafter referred to RS ) where the damping function is proportional to e −(t/q D )
2 . In TS we demonstrated that the Fokker-Planck-coefficient for the DT -model can be written as
whereas for the RS-model one obtains
Different to TS we use here a flat energy spectrum with finite wave amplitudes below k min instead of the cut-off at k min (see Fig. 1 ):
g 0 can be expressed in terms of the total fluctuating magnetic field strength:
With As in TS it is useful to introduce the following parameters:
with the rigidity r = pc/ | q |. Rewriting Eq. (6) as
and substituting x = k min /k in the first two integrals and x = k d /k in the last both integrals we find
Now we do the same calculation for the RS -model:
which can be written as
Note that both expressions (9) and (11) for D µµ do not depend of the charge sign. So we obtain the same λ for electrons and positrons. Moreover, we notice that the D µµ are symmetric functions of µ:
The damping model of dynamical turbulence
Here D µµ (DT ) can be written as
with
where
The integrals A, B and C are identical to those in TS and have been approximated there. So here we only have to calculate the integral D. As shown in Appendix A this integral can be solved analytically in different pitch-angle regimes and we obtain approximately
With Eq. (14) and with TS we obtain 9 different cases for I (and therefore 9 different cases for D µµ ) which are shown in Table 1 .
The random sweeping model
In the RS -model D µµ can be written as
We solved the integrals A, B and C already in TS. The integral D will be solved by approximations for special cases again. This is done in Appendix B and we obtain .
Case 
with Euler's constant γ ≈ 0.577. With Eq. (18) and the results from TS we obtain 9 different cases for I (and therefore for D µµ ) which are shown in Table 2 .
Equations for the mean free path λ
With the above equations for D µµ (DT ) and D µµ (RS ) we are able to calculate the parallel mean free path (1).
Damping model of dynamical turbulence
With Eqs. (1) and (12) we obtain
With
and
we derive
with the integral
For K we obtain the 12 different cases listed in Table 3 . With Eq. (24) these yield the analytical approximations for the mean free path. With the parameters defined in Eq. (7) it is very easy to simplify the results for 1 < s < 2, 2 < p and R Q, using approximations like
The first three cases of Table 3 apply to large particle rigidities (R = R L k min 1). The second three cases are not relevant for typical heliospheric parameters.
Random sweeping model
For this model we can do similar approximations. But now we have
so that 
For K we obtain the 12 cases listed in Table 4 , where we have used the same approximations as for the damping model. We can use these approximations for values of 1 < s < 2, 2 < p and R Q. The first three cases of Table 3 apply to large particle rigidities (R = R L k min 1) and the second three cases are not relevant for typical heliosperic parameters again.
Asymptotic properties of the mean free path
In this Section we discuss the mean free path for high rigidities r → ∞ and for low rigidities r → 0 for the damping model of dynamical turbulence (DT ) and the random sweeping model (RS ). We are especially interested in the mean free path at high rigidities which is mostly affected by the finite amplitude power spectrum at small wavenumbers.
4.1. The mean free path for the case of high rigidities r → ∞
We start with the DT -model. In the case of high rigidities we know that
With R ∝ r and Q ∝ r we always have Q R a 1. With the results from Table 3 we obtain for this case K = a/4π. With Eqs. (24) and (22) we find
where we used a, R and Q from Eq. (7). Now can do the same calculations for the RS -model. Here we can use
With R ∝ r and Q ∝ r we always have Q R b 1. With the results from Table 4 we obtain now K = b/4 √ π. With Eqs. (28) and (22) we find
which is exactly the same result as for the DT-model. So the final result of this subsection is
and we notice that the mean free path for high rigidities is only a function of s, k min , δB and r. There is no dependence of k d , p and the background field B 0 . It is also important that we have the same mean free path for all particles (electrons, positrons, protons and ions). For the case of high rigidities we also see that the mean free path is always proportional to r 2 .
The mean free path for the case of low rigidities r → 0 and for the DT-model
Now we discuss the mean free path for the case of extremely low rigidities. In this case we have
for the DT -model. Now we restrict our analysis to r α → 0
which can be done for realistic physical parameters. We then find always that 1 a R and 1 Q R. So we must discuss the two cases a Q which can be written as cB 0 αv A k d r 0 , and a Q which can be written as cB 0 αv A k d r 0 . Table 4 . Analytic expressions for K and therefore the formulas for the mean free path for the RS -model. 
In this case we have 1 a Q R and therefore we obtain from Table 3
and for the mean free path we finally find
We see that the mean free path is linearly proportional to the rigidity. Also we notice that the absolute value of the mean free path is proportional to 1/ f 1 and therefore depends on both turbulence spectral indices p and s,
For the special parameters of Sect. 5 we find that this case is important for electrons and positrons.
The case r
In this case we have 1 Q a R and therefore we obtain from Table 3
Again the mean free path is linearly proportional to the rigidity. However, here the mean free path is not a function of the second spectral index p. For the special parameters of Sect. 5 we find that this case is important for protons.
The mean free path for the case of low rigidities r → 0 and for the RS-model
Now we do the same calculations for the RS-model. Here we have
Again, we restrict our analysis to (46) and for the mean free path we finally find
Like in the DT-model we obtain that the mean free path is linearly proportional to the rigidity. For the special parameters of Sect. 5 we find that this case is important for electrons and positrons. (48) and for the mean free path we finally find
From this equation we see that the mean free path is also linearly proportional to the rigidity. Also we notice that the mean free path in this case is not a function of the second spectral index p. For the special parameters of Sect. 5 we find that this case is important for protons.
Calculating the mean free path for heliospheric parameters
Here we calculate λ for electrons, positrons and protons for typical heliospheric parameters and compare it with numerical solutions to test the approximations we have done. We use the following set of parameters appropriate for interplanetary conditions (Bieber et al. 1994 ):
B 0 = 4.12 nT
With these parameters and with Eq. (7) it is very easy to calculate R, Q, a and b as functions of the rigidity r, and to derive the parallel mean free path for the damping model of dynamical turbulence (using Table 3 ) and for the random sweeping model (using Table 4 ).
Damping model of dynamical turbulence
For protons we obtain three different ranges of λ: with r 0 = 938 MV. For electrons and positrons we also obtain three ranges:
with r 0 = 0.511 MV. Figure 2 shows that the approximations agree very well with the exact numerically integrated results (crosses) for small and medium rigidities.
Random sweeping model
For protons we obtain three ranges of λ: with r 0 = 938 MV. For electrons and positrons we also obtain the three ranges:
with r 0 = 0.511 MV. Figure 3 shows the analytic approximations in comparison with numerical results (crosses) for small, medium and high rigidities. For both models (DT and RS ) we have very good agreement between the approximations and the numerical results for the parallel mean free path.
The parallel spatial diffusion coefficient
In this section we calculate the parallel spatial diffusion coefficient κ . With the equations for the mean free path and
we can write the parallel spatial diffusion coefficient as
with 
The mean free path for different values of the dissipation range spectral index p
In the last section we calculated the mean free path for special heliospheric parameters. Because of the limited time resolution of plasma detectors in spacecraft measurements, it is not clear that the dissipation range spectral index p is equal to 3. In this chapter we therefore calculate the mean free path for different values of the dissipative spectral index p. We restrict our analysis to particle rigidities smaller than 10 4 MV, because we know that for higher rigidities the mean free paths for both damping models (DT and RS ) are independent of p (see Eq. (34)). With Table 3 for the DT -model and Table 4 for the RSmodel it is straightforward to calculate the mean free path for different dissipation range spectral indices p. The results are shown in Fig. 6 for the DT -model and Fig. 7 for the RS -model. For both figures we used the parameters of Eq. (50). We notice that there is no p-dependence for protons in both models.
For the DT -model and for electrons and positrons we only find small differences for medium rigidities. For higher rigidities there is no p-dependence and for small rigidities in agreement with our analysis in Sect. 4 we find that the mean free path is proportional to (p − 2)/(p − s).
For the RS -model we find that the dependence of p is very strong. For higher values of p and for medium rigidities we find that the value of the mean free path becomes larger than the size of the heliosphere. The fact that the parallel mean free path becomes larger than the dimensions of the heliosphere, may actually not be a problem. Because the magnitude of the perpendicular mean free path is typically only a few percent of the parallel mean free path, the effective radial diffusion coefficient may still be small enough to justify a diffusion approximation.
Summary and conclusion
The parallel mean free path of cosmic ray particles in partially turbulent electromagnetic fields is a key input parameter for cosmic ray transport. In this work we have calculated the parallel mean free path of cosmic ray particles in two particular turbulence models: slab-like dynamical and random sweeping turbulence. We extended our earlier calculations by allowing a flat energy range in the power spectrum with finite wave amplitudes at very small wavenumbers. We derive new general formulas for the mean free path (see Tables 3 and 4) . These new formulas can also be used for high particle rigidities. We explicitly determine the rigidity dependence and the absolute value of the mean free path for different cosmic ray particles for the DT -and RS -model. In both models the non-zero plasma wave intensity at wavenumbers smaller than k min yields smaller values of the mean free path at high rigidities as compared to the power spectrum with no wave intensity below k min considered in TS. We also discuss the influence of the dissipation range spectral index p and the asymptotic properties of the mean free path for both models. While this integral can be solved exactly, for the µ-integration we must employ approximations for special cases.
A.1. A.4. The case µR 1 and aµ 1
In this last case we automatically have a/R 1 and we can use 
